Abstract. The unipotent variety of a reductive algebraic group G plays an important role in the representation theory. In this paper, we will consider the closurē U of the unipotent variety in the De Concini-Procesi compactificationḠ of a quasisimple, adjoint group G. We will prove thatŪ − U is a union of some G-stable pieces introduced by Lusztig in [L4]. This was first conjectured by Lusztig. We will also give an explicit description ofŪ . It turns out that the similar results hold for the closure of the Steinberg fiber inḠ.
We will identify Z I with G and the G × G-action on it is given by (g, h) · x = gxh −1 . For any subvariety X ofḠ, we denote byX the closure of X inḠ. For any finite set A, we will write |A| for the cardinal of X.
1.3. For any closed subgroup H of G, we denote by H diag the image of the diagonal embedding of H in G × G and by Lie(H) the corresponding Lie subalgebra. For any parabolic subgroup P , we denote by U P its unipotent radical. We will simply write U for U B and U − for U B − . For any parabolic subgroup P and g ∈ G, we will write g P for gP g −1 . For J ⊂ I, set U J = U ∩ L J and U − J = U − ∩ L J . Let U be the unipotent variety of G. Then U is stable under the action of G diag and U is stable under the action of U × U and T diag . Moreover, U = G diag · U . Similarly,Ū = G diag ·Ū (see [Spr2, 1.10] ).
1.4. We will consider the B × B-orbits onḠ. For any J ⊂ I, u, v ∈ W , set [J, u, v] = (B × B)(u,v) · h J . It is easy to see that [J, u, v] = [J, x, vz −1 ], where u = xz with x ∈ W J and z ∈ W J . Moreover,Ḡ = J⊂I x∈W J ,w∈W [J, x, w] . Springer proved the following result in [Spr1, 2.4] . x ′ , w ′ u wv and l(wv) = l(w) + l(v).
As a consequence of the theorem, we have the following properties which will be used later.
(1) For any K ⊂ J, w ∈ W J and v ∈ W J , [K, wv, v 1.5. Let ǫ be an indeterminate. Put o = k [[ǫ] ] and K = k((ǫ)). Then x ∈Ū if and only if there exists γ ∈ U (K) such that γ(0) = x (see [Spr2, 2.2] ). Let Y be the cocharacter group of T . An element λ ∈ Y defines a point in T (k[ǫ, ǫ −1 ]), hence a point p λ of T (K). Let H ⊂ G(o) be the subgroup consisting of elements γ with γ(0) ∈ B. Then for γ ∈ U (K), there exists γ 1 , γ 2 ∈ H, w ∈ W and λ ∈ Y , such that γ = γ 1ẇ p λ γ 2 . Moreover, w and λ are uniquely determined by γ (see [Spr2, 2.6] . In this case, we will call (w, λ) admissible. Springer showed that (w, λ − w −1 λ) is admissible for all dominant regular coweight λ (see [Spr2, 3.1 
]).
For λ ∈ Y and x ∈ W with x −1 · λ dominant, we have that p λ (0) = (ẋ,ẋ) · h I(x −1 λ) , where I(x −1 λ) the set of simple roots orthogonal to x −1 λ (see [Spr2, 2.5] ). If moreover, (w, λ) is admissible, then there exists some t ∈ T such that (U × U )(ẇẋt,ẋ) · h J ⊂Ū .
2. the partition of Z J 2.1. We will follow the set-up of [L4, 8.18 ]. ′ n , P n ∈ P J n , P ′ n ∈ P J ′ n , γ n = U P ′ n gU P n for some g ∈ G satisfies pos(P ′ n , g P n ) = y n . The sequence is defined as follows.
P 0 = P, P n−1 y n−1 )J n−1 ,
It is known that the sequence is well defined. Moreover, for sufficient large n, we have that [L4, 8.18 ] and [L3, 2.5] , the sequence (J n , J ′ n , u n , y n ) n 0 is uniquely determined by β(z) and y.
Lemma 2.3. Keep the notation of 2.2. Let z = (P J ,ẇ
Proof. For any k, set
2.4. Let (J n , J ′ n , u n , y n ) n 0 be the sequence that is determined by w J and w 0 w
and induces a bijection from the set of G-orbits onZ J,w to the set of G-orbits onZ
is a fibre bundle over P J n with fibres isomorphic toC J,w . There is a natural bijection betweeñ C J,w and F = {z = (P J n , P J n , γ n ) | z ∈Z w J n ,1 } under which the action ofL J,w oñ C J,w by conjugation corresponds to the action of P J n /U P J n on F by conjugation. Therefore, we obtain a canonical bijection the set of G-stable subvarieties ofZ J,w and the set ofL J,w -stable subvarieties ofC J,w (see [L4, 8.21] ). Moreover, a Gstable subvariety ofZ J,w is closed if and only if the correspondingL J,w -stable subvariety ofC J,w is closed. By the proof of 2.3, for any b ∈ B ∩L J,w , the G-orbit that contains (P J ,ẇ −1 J P J * ,ẇb) corresponds to theL J,w -orbit that containsẇb via the bijection.
2.5. For P ∈ P J , let H P be the inverse image of the connected center of P/U P under P − → P/U P . We can regard H P /U P as a single torus ∆ J independent of P . Now ∆ J acts (freely) onZ J by δ : (P, P ′ , γ) → (P, P ′ , γz) where z ∈ H P represents δ ∈ ∆ J . The action of G onZ J commutes with the action of ∆ J and induces an action of G on ∆ J \Z J . There exists a G-equivariant isomorphism from Z J to ∆ J \Z J which sends (g 1 , g 2 ) · h J to ( g 2 P J ,
It is easy to see that ∆ J (Z J,w ) =Z J,w . Set Z J,w = ∆ J \Z J,w . Then
Moreover, we may identify ∆ J with a closed subgroup of the center ofL J,w . Set L J,w =L J,w /∆ J and C J,w =C J,w /∆ J . Thus we obtain a bijection between the set of G-stable subvarieties of Z J,w and the set of L J,w -stable subvarieties of C J,w (see [L4, 11.19] ). Moreover, a G-stable subvariety of Z J,w is closed if and only if the corresponding L J,w -stable subvariety of C J,w is closed and for any b ∈ B ∩L J,w , the G-orbit that contains (P J ,ẇ
For any z ∈ Z J,w , let C be the L J,w -stable subvariety corresponding to the G diag · z and c be an element inC J,w such that c∆ J ∈ C. Sinceẇ normalizes B ∩L J,w , c isL J,w -conjugated to an element ofẇ(B ∩L J,w ). Therefore, z is G-conjugated to (ẇ, b) · h J for some b ∈ B ∩L J,w . The proposition is proved.
Proof. Since (ẇT, 1) · h J ⊂ Z J,w and Z J,w is a G-stable closed variety, we have that
It is easy to see that f t is bijective for generic t ∈ T . Therefore, for generic t ∈ T , the dimension of the variety {(ẇt, Ad(ẇt)
The proposition is proved.
2.
8. An element w ∈ W is called a Coxeter element if it is a product of the simple reflections, in some order, or in other words, |supp(w)| = l(w) = |I|. We have the following properties.
Proposition 2.9. Fix i ∈ I. Then all the Coxeter elements are conjugate under elements of W I−{i} .
Proof. Let c, c
′ be Coxeter elements. We say that c ′ can be obtained from c via a cyclic shift if c = s i 1 s i 2 · · · s i n is a reduced expression and c ′ = s i 1 cs i 1 . It is known that for any Coxeter elements c, c ′ , there exists a finite sequences of Coxeter elements c = c 0 , c 1 , . . . , c m = c ′ such that c k+1 can be obtained from c k via a cyclic shift (see [Bo] ). Now assume that c = s i 1 s i 2 · · · s i n is a reduced expression of a Coxeter element. If i 1 = i, then s i 1 cs i 1 and c are conjugated by
. Therefore, if a Coxeter element can be obtained from another Coxeter element via a cyclic shift, then they are conjugated by elements of W I−{i} . The proposition is proved. 
Since the group G is quasi-simple and w ′ −1 is a Coxeter element of W I−{i} , w ′ −1 α i is not a simple root. That is a contradiction. Therefore, s i w ′ ∈ W J . The proposition is proved.
Corollary 2.11. Let i ∈ I, J = I − {i} and w be a Coxeter element of W with
Remark. In 4.4, we will show that the equality holds.
3. Some combinatorial results 3.1. Fix i ∈ I. Define subsets I k of I for all k ∈ N in the following way. Set I 1 = {i}. Assume that I k is already defined. Set
For sufficient large n, we have I n = I n+1 = · · · = ∅ and s I n = s I n+1 = · · · = 1. Now set w k = s I n s I n−1 · · · s I k for k ∈ N. We will write w for w 1 . Set J −1 = I and J 0 = J = I − {i}. Then w is a Coxeter element and w ∈ W J . Let (J n , J ′ n , u n , y n ) be the sequence determined by w J and w 0 w J 0 . Then we can show by induction that for k 0,
k+1 . Then it is easy to see thatv
In both cases, we have
Lemma 3.3. Let v, x, y 1 , y 2 ∈ W and t ∈ T . Assume that
We can show in the same way that u
3.4. In section 3.4 to section 3.7, we assume that G is P GL n (k). Without loss of generality, we assume that i n/2. In this case, w = s [i+1,n−1] s −1
[1,i] (see 3.1). For any a ∈ R, we denote by [x] the maximal integer that is less than or equal to a.
For 1 j i, set a j = [(j − 1)n/i]. For convenience, we will set a i+1 = n − 1. Note that for j i − 1, a j+1 − a j = [jn/i] − [(j − 1)n/i] [n/i] 2. Therefore, we have that 0 = a 1 < a 1 + 1 < a 2 < a 2 + 1 < · · · < a i < a i + 1 a i+1 = n − 1. Now set b 0 = 0. For k ∈ {1, 2, . . . , n − 1} − {a 2 , a 3 , . . . , a i } − {a 2 + 1, a 3 + 1, . . . , a i + 1},
It is easy to see that for 1 a b n − 1 and 1 k n − 1,
If j = 1, we will simply write x for x 1 .
Lemma 3.5. For 1 j i, we have that
In particular, nxω
Proof. We will prove the lemma by induction on j. Note that nω
Thus the lemma holds for j = i.
Assume that the lemma holds for j. Then
Thus the lemma holds for j. Lemma 3.6. We have that
If j 2 and a j < j + 1, then j = 2, a j = 2 and s
Thus, we can prove by induction on j that
The lemma is proved. 3.7. We have that
By 1.5, 3.4 and 3.5, there exists t ∈ T , such that (U × U )(vẋt,ẋ) · h J ⊂Ū . Consider K = {a j | b a j = 0}. Then for any j, j ′ ∈ K with j = j ′ , we have that |j − j ′ | 2 and < α
3.8. In this section, we assume that G is of type C n and set 1,i] for i − 1 j n − 1, s. Then we can show by induction that
. In particular, we have that x 2 x 1 λ ′ = λ. Therefore, there exists t ∈ T , such that (U, U )(vẋ 2ẋ1 t,ẋ 2ẋ1 ) · h J ⊂Ū . Now set y 1 = s n+ǫ−1 s n+ǫ−3 · · · s n−i and
It is easy to see that
). By 3.1, (ẋ
For type B n , we have the similar results.
3.9. In this section, we assume that G is of type D n . Let σ an automorphism of G such that σ preserve anépinglage and the fixed point set G σ is an adjoint algebraic group of type B n−1 (for more details, see [L1, 1.5] ). Note that U σ ⊂Ū σ and U σ is the unipotent variety of an algebraic group of type B. The automorphism σ of G can be extended in a unique way to an isomorphism ofḠ. We will denote the isomorphism ofḠ also by σ. Then by what we have proved for type C, for i n − 2, Z I−{i},w ⊂Ū.
In the rest of this section, set i = n and
Then λ = 2xω ∨ n and (v, λ) is admissible. Therefore, there exists t ∈ T , such that (U, U )(vẋt,ẋ) · h J ⊂Ū. Set y 1 = s 2 s 4 · · · s n−2 , y 2 = s n+ǫ−1 and β = −(vx) −1 α n+ǫ−1 = −α n/2 . By 3.3, there exists u ∈ U β and t ∈ T , such that (ẋ −1ẏ 1ẏ2vẋ ut, 1) · h J ∈Ū. It is easy to see that x −1 y 1 y 2 vx = s n−1 s −1
[1,n−2] s n = w and
Note that J 0 = I − {n} and
).
. Then there exists u ∈ U β and t ∈ T , such that (ẋ −1ẏ 1ẏ2vẋ ut, 1) · h J ∈Ū. Note that x −1 y 1 y 2 vx = w and w −1
. Thus (w, λ) is admissible. Set y 1 = s 2 s 4 , y 2 = s 1 and β = −(vx) −1 α 4 = −(α 2 + 2α 3 ). Then there exists u ∈ U β and t ∈ T , such that (ẋ −1ẏ 1ẏ2vẋ ut, 1) · h J ∈Ū. Note that x −1 y 1 y 2 vx = w and w −1 2 β = −(α 1 + 2α 2 + 2α 3 ). By 3.1, Z J,w ⊂Ū. 3.12. Type E 6 .
Let G be an adjoint algebraic group of type E 6 and σ an automorphism of G such that σ preserve anépinglage and the fixed point set G σ is an adjoint algebraic group of type F 4 (for more details, see [L1, 1.5] . Thus (v, λ) is admissible. Set y 1 = s 4 , y 2 = s 2 and β = −(vx) −1 α 2 = −(α 3 + α 4 + α 5 ). Then there exists u ∈ U β and t ∈ T , such that (ẋ −1ẏ 1ẏ2vẋ ut, 1) · h J ∈Ū. Note that x −1 y 1 y 2 vx = w and w −1 2 β = −(α 2 + α 3 + 2α 4 + α 5 + α 6 ). By 3.1, Z J,w ⊂Ū .
Similarly, Z I−{6},s 2 s 1 s 3 s 4 s 5 s 6 ⊂Ū . If i = 3, then set v = s 3 s 6 s 1 s 4 s 5 , x = s 2 s 3 s 4 s 1 s 3 w and λ = 2α 
Note that x −1 y 1 y 2 vx = w, w . Thus (v, λ) is admissible. Set y 1 = s 1 s 4 s 6 , y 2 = s 7 and β = −(vx) −1 α 7 = −(α 4 + α 5 ). Then there exists u ∈ U β 3 U β 2 U β 1 and t ∈ T , such that (ẋ −1ẏ 1ẏ2vẋ ut, 1) · h J ∈Ū . Note that x −1 y 1 y 2 vx = w and w −1 2 β = −(α 2 + α 4 + α 5 + α 6 ). By 3.1, Z J,w ⊂Ū. If i = 4, then set v = s 1 s 4 s 6 , x = s 2 s 3 s 5 s 4 w 3 and λ = α
Note that x −1 yvx = w. Thus Z J,w ⊂Ū . If i = 6, then set v = s 4 s 6 , x = s 1 s 5 s 7 s 6 w 3 and λ = α −1 α 1 = −(α 2 + α 4 + α 5 + α 6 ). Then there exists u ∈ U β 3 U β 1 and t ∈ T , such that (ẋ −1ẏ 1ẏ2vẋ ut, 1) · h J ∈Ū. Note that
3.14. Type E 8 . If i = 1, then set v = s 4 s 6 , x = s 3 s 1 s 2 s 5 s 4 s 3 s 1 s 8 w 5 and λ = α
T for some Borel subgroup B of G 0 and some maximal torus T of B. We have the following properties.
(a) if g is semisimple, then it is quasi-semisimple. See [St, 7.5, 7.6 ].
(b) g is quasi-semisimple if and only if the G 0 -conjugacy class of g is closed in G 1 . See [Spa, 1.15] .
(c) Let g ∈ G 1 is a quasi-semisimple element and T 1 be a maximal torus of
where Z G 0 (g) 0 is the identity component of {x ∈ G 0 | xg = gx}. Then any quasi-semisimple element in gG 0 is G 0 -conjugate to some element of gT 1 . See [L4, 1.14].
4.2. Let ρ i : G − → GL(V i ) be the irreducible representation of G with lowest weight −ω i andρ i :Ḡ − → P End(V i ) be the morphism induced from ρ i . Let N be the subvariety ofḠ consisting of elements such that for all i ∈ I, the images underρ i are represented by nilpotent endomorphisms of V i . We have the following result.
Theorem 4.3. We have that
Proof. By 2.11 and the results in chapter 3, we have that
For i ∈ I, let X i be the subvariety of P End(V i ) consisting of the elements that can be represented by unipotent or nilpotent endomorphisms of V i . Then X i is closed in P (End(V i )). Thus,ρ i (z) ∈ X i for z ∈Ū . Moreover, since G is quasisimple, for any g ∈Ḡ,ρ i (g) is represented by an automorphism of V i if and only if g ∈ G. Thus if z ∈Ū − U, thenρ i (z) is represented by an nilpotent endomorphism of V i . ThereforeŪ − U ⊂ N .
Assume that w ∈ W J with supp(w) = I and N ∩Z J,w = ∅. Let C be the closed L J,w -stable subvariety that corresponds to N ∩ Z J,w . We have seen thatẇ is a quasi-semisimple element of N G (L J,w ). Moreover, there exists a maximal torus T 1 in Z L J,w (w) 0 such that T 1 ⊂ T . Since C is an L J,w -stable nonempty closed subvariety of C J,w ,ẇt ∈ C for some t ∈ T 1 . Set z = (ẇt, 1) · h J . Then z ∈ N .
Since supp(w) = I, there exists i ∈ I with i / ∈ supp(w). Then −wω i = −ω i . Let v be a lowest weight vector in V i . Assume thatρ i (z) is represented by an endomorphism A of V . Then Av ∈ k * v. Thus z / ∈ N . That is a contradiction. Therefore N ⊂ J I w∈W J ,supp(w)=I Z J,w . The theorem is proved. Proof. Note that Z J,w ⊂Ū ∩ ( K⊂J Z K ). SinceŪ and K⊂J Z K are closed, Z J,w ⊂Ū ∩ ( K⊂J Z K ) = K⊂J w ′ ∈W K ,supp(w ′ )=I Z K,w ′ . Therefore by 2.11, Z J,w = K⊂J w ′ ∈W K ,supp(w ′ )=I Z K,w ′ . 4.5. Let σ : G − → T /W be the morphism which sends g ∈ G to the W -orbit in T that contains an element in the G-conjugacy class of the semisimple part g s . The map σ is called Steinberg map. The fibers of σ are called Steinberg fibers. The unipotent variety is an example of Steinberg fiber. Some other interesting examples are the regular semisimple conjugacy classes of G.
Let F be a fiber of σ. It is known that F is a union of finitely many Gconjugacy classes. Let t be a representative of σ(F ) in T , then F = G diag · tU andF = G diag · tŪ (see [Spr2, 1.10] ). Therefore, if (w, λ) is admissible and x −1 · λ dominant, then there exists some t ′ ∈ T such that (U × U )(ẇẋt ′ ,ẋ) · h J ⊂ tŪ . Thus we can prove in the same way as we did for unipotent variety that ThusF − F is independent of the choice of the Steinberg fiber F . As a consequence, in general,F contains infinitely many G-orbits.
4.6. For any variety X that is defined over the finite field F q , we write |X| q for the number of F q -rational points in X.
If G is defined and split over the finite field F q , then for any w ∈ W J , |Z J,w | q = |G|−l(w) (see [L4, 8.20] ). Thus 
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